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Section 2.1 — Describing Location in a Distribution

1. Measuring Position: Percentiles

Definition: The pth percentile of a distribution is the value with {9 % ofF 0BS. 85‘-’0 W Ty

Example: The stemplot below shows the number of wins for each of the 30 Major League Baseball
teams in 2009. (Lo“““s /,)B‘A;\g :

5]9 / Key: 5 | 9 represents

6 | 2455 a team with 59 wins.
7 | 00455589

8 | 0345667778
45667778
9 | 123557
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Find the percentiles for the following teams: (a) The Colorado Rockies, who won 92 games} (b) The New
York Yankees, who won 103 games; (c) the Kansas City Royals and the Cleveland Indians, who both won

65 games. @ g1 > 1M 8gLoW %_g... = 80({\ 7800
@ 0% = 1A B&iLew 1;:% s a2 1od
@O ) S g L e
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Note: some people define the pth percentile of a distribution as the value with p percent less than or
equal to it. In this case it is possible for an individual to be at the 100" percentile.

2. Cumulative Relative Frequency Graphs

When you are given a frequency table for a quantitative variable, it is possible to graphs that depict the
percentiles. The table gives the inauguration ages of the first 44 US Presidents.
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Interpreting Cumulative Relative Frequency graphs
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(a) Was Barack Obama, at 47, unusually young?
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(b) Estimate and interpret the 65" percentile of
the distribution.
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UNDERSTANDING
1. Mufir;ﬁe choice:

placed him at the 68th pescentile. This means that

(a) Mark did better than sbout 39% of the students who tock the'test.
{b) Mark did worse than sbout 39% of the shudents who took the test.
{e) Mark did better than abaut 68% of the students who took the test.
{dy Mark did warse than about 68% of the students who took ithe kest.
{e) Mark got fewer than half of the questions correct on this test

fect the best answer. Mark recelves a score report detailing his per
5 on a stalewlde test, On the math seclion, Mark eamed a 1aw score of 39, which

2. Miz. Munson is concerned about how her daughter's lseight

) 10~ Eos _ and weight compare with those of other girls of the s:‘me age.
| ' She vses ”!mc caleulator to determine ex daughtes

E 0 J is at th 4 ﬂi? reentile for weight and themen;:fel for

: height. Explain to Mrs. Munsen what this means.

s Questions 3 and 4 relale to the following setting. The gmph

T 40 displays the cumulative relative frequency of the lengths of

2 phone calls made from the mathematics department office at

3 k0 Gabalot High last month,

I o e M 3, About what percent of calls lasted less than 30 minutes?

o S 10 15 2 25 3 3 4 45 3 minutes or more? ;
Cal leugih (minutes) 4, Estimate Qs, O, and the IOR of the distribution.
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3. Measuring Position:

Z-Scores

Another way of measuring position is to determine how many standard deviations above or below the

/, mean an individual data point is. This is called computing a z-score. This process is known as

standardizing.

Definition - Standardized value (z-score):

If x is an observation from a distribution that has a known mean and standard

standardized value of x is

=

-

/This measure tells how many standard deviations the given data point is from the mean. &
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Example: 2009 MLB Wins (revisited)

5|9
6 | 2455

9 | 123557
10| 3

7 | 00455589
8 | 0345667778

Mean: 81

Key: 5 | 9 represents || Median: 83.5
a team with 59 wins. StDev: 11.43

Minimum: 59

Maximum: 103
Ql: 74
Q3: 88

Use the information provided to find the standardized scores for the (a) Boston Red Sox with 95 wins;

b) Atlanta Braves with 86 wins; and (c) Washington Nationals with 59 wins.
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1. Lyneite, a studentin the class

@

CHEGKYGUH UNDERSTANDING
Mrs. Navard's statistics class has just completed the firsk three steps of the “Where Do |

Stand?" Activity (page 84). The figure below shows a dotplot of the clase's height distribu-
UT 13 odbt SB'S BFLodtim, along with summaty siaﬂsllnpu!e: ouiput,
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T 1 1 T 1 T T T
Gl 62 a4 6 64 m n 14
Helght (kncbes)

Vagiahte # X g
Height 25 67 41

Min & M gy

GRS

Homework: pp 100-101, 5-15 odd

69

Max
75

es tall. Find and inteepret herzscare,

2. Anotfier student in the clasg, Brent, i es tall. How
tall is Brent compared with the rest of the class? Give appro-
priale numietical evidence to support your answer.

3. Brent is & member of the school's bask@tbal) teurn. The
mean height of the players on the team i{ 76 Jrtches. Brents

height translales to a z-score of —0.85 in the team'’s height

distribution, What 15 the sianda:d deviation of the leam

members' heights?
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Section 2.1 (continued)

3. Transforming Data

. |
Example: Below is a graph and table of summary statistics for a sample of 30 test scores. The maximum /)

possible score on the test was 50 points.

a eo L]

0 0000 © o
o o o o ©o00 0000 0000OD ©
10 15 20 25 30 35 40 45 50

Score

n X s Mn @ M @ Max IGR Range

Score 30 958 817 12 32 37 41 48 O 36

Suppose that the teacher was nice and added 5
points to each test score. How would this
change the shape, center, and spread of the

distribution?
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Here are the graphs and the summary statistics for the original scores and the +5 scores:
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10 15 20" 25 30 35 40 45 50

n X s Mnh & M @ Max IOR Range

Score . -30 358817 12 32 37 4 48 9 3p

Score+5 30 408847 17 37 42 46 53 9 36
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Effect of Adding (or Subtracting) a Constant

C'\\& ] e Adds a to measures of center and location (mean, median, quartiles, percentiles), but
/ e Does not change the shape of the distribution or measures of spread (range, IQR, standard
2 deviation. ‘s

==

Adding the same number a (either positive, zero, or negative) to each observation:

Application: If 24 is added to every observation in a data set, the only one of the following that is not

changed is:

(a) the mean  (b) the 75" percentile (c) the median@;)e standard deviation (e) the minimum
\—f’”\\_ﬂwj}g;ﬁh_______d
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Example (cont): Suppose that the teacher in the previous example wanted to convert the original test
scores to percents. Since the test was out of 50 points, he should multiply each score by 2 to make

them out of 100. Here are the graphs and summary statistics for the original scores and the doubled
HellLidr iyl

scores.
.-. .
Score (] e » e .-. ='—-nn' .
[} 0: =
Scorex2 ‘) 0 Y o o8 $83% Bccsss o
10 20 30 4 s e 70 80 s 100

n X 8¢ Min & M @ Max

IGR Range

Score 30 35.8 8.17 12 32 37 41 48
Score x 2 60 716 16.34 24 64 74 82 96

9
18

36
72

What happened the measures of center, location and spread?
S gl e e

What happened to the shape? D (D N OT CUAD G'é/

DOVRBLD

s

Effect of Multiplying (or Dividing) by a Constant

Multiplying (or dividing) each observation by the same number b (positive, negative or 0)
e Multiplies (divides) measures of center, location (mean, median, quartiles, percentiles) by b,
e Multiplies (divides) measures of spread (range, IQR, standard deviation) by |b|, but
e Does not change the shape of the distribution.

(Pb qfi i

4. Transformations and Z-Scores

Example (continued). Suppose we wanted to standardize the original test scores. This would mean we
would subtract each score from the mean of 35.8 and then divide by the standard deviation of 8.17.

X -35.%
D

n % s Mn 0 M G Max /OR Range

Score.30, 358 8.17 12 & 37 41 48 9 6

What effect would these transformations have on:
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Team Work: Complete Check Your Understanding on pp. 97-98 et [Pad MILT 34 2 Ay

@Q&JRP( +SPnead Wite Qo7 N .
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Section 2.2 — Density Curves & Normal Distributions

Density Curves

Q/ Exploring Quantitative Data

1. Always plot your data: make a graph, usually a dotplot, stemplot or a histogram.
2. Look for the overall pattern (shape, center, spread) and for striking departures such as outliers.
3. Calculate a numerical summary to briefly describe center and spread.

New step:

4. Sometimes the overall pattern of a large number of observations is so regular that we can describe

it with a smooth curve. —=> LoaDQY To 2F0 W& fan USE LATwz. |
o mMAKE 1A s S

This type of smooth curve is called a Density Curve.
Definition: A density curve is a curve that

e |salways above the horizontal axis, and
e Hasan area of exactly 1 underneath it

A density curve describes the overall pattern of a distribution. The area under the curve and above any
interval of values on the horizontal axis is the proportion of all observations that fall in that interval.

Note: no set of real data is exactly described by a density curve. The curve is an approximation that is
easy to use and accurate enough for practical use.

Because the density curve represents a population of individuals, the mean is denoted by p (the Greek
letter mu) and the standard deviation is dendted by o (the Greek letter sigma).

Distinguishing the Median and Mean of a Density Curve (Diagrams on p. 102}~ \_ y

e The median of a density curve is the equal-areas point, the point that divides the area under
the curve in half. :

¢ '=The mean of a density curve is the balance point, the point at which the curve would balance
if made of solid material. '

e The median and mean are the same for a perfectly symmetric density curve. The both lie at
the center of the curve. The mean of a skewed curve is pulled away from the median in the
direction of the long tail.
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Team Work: Complete Check Your Understanding on p. 107.
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Probably the most famous of all density curves are Normal curves. The distributions they describe are
called Normal distributions. They play a very large part in statistics.

FIGUAE 2,11 Two Normal curvas, showirg $he masn 4 and slandand dedatizn o,

Normal curves have several properties:

e All Normal curves have the same overall shape: symmetric, single-peaked, bell-shaped.

o Any specific Normal curve is completely described by its mean p and standard deviation o.

e The mean is located at the center and is equal to the median. Changing 1L without changing
moves the Normal curve along the horizontal axis without changing its shape. :

e The standard deviation ¢ controls the spread of a Normal curve. Normal curves with larger
standard deviations are more spread out.

he points at which the Normal curve changes from concave down to concave up occurs one standard /
eviation from the mean. Because of this, the standard deviation can be estimated by the graph.

(MFW’UBOJ Horiicsy ) | s Ll

Definition: A Normal distribution is described by a Normal density curve. Any particular Normal -
distribution is completely specified by its mean _u and standard deviation o. The mean of a Normal
distribution is at the center of the symmetric Normal curve and equals the median. The standard
deviation is the distance from the center to the inflection points (where concavity changes) on either
side. :

Notation: We abbreviate the Normal distribution with mean p and standard deviation ¢ as N{, o).

¢ fa g

;e 53-95:9;;@7 % s (QPPLE"(")

In a Normal distribution with mean p and 2
standard deviation c: - o k!
e Approximately 68% of the observations ’L?'s't'o
fall within 1 ¢ of the mean L.
e Approximately 95% of the observations
fall within 2 o’s of the mean p.
e Approximately 99.7% of the
observations fall within 3 o’s of the
mean H.

Standard devintions

(Note: this rule does not apply to any

distribution — only the Normal. Common error on
AP Exam.) —_—



6CS -46 - 99 F
Example: The mean batting average for the 432 Major League Baseball players in 2009 was 0.261 with a
standard deviation of 0.034. Suppose the distribution is exactly Normal with p = 0.261 and ¢ = 0.034.

-_'_‘_,_—————h ———————.
a. Sketch a Normal density curve for this distribution. Label the points that are 1, 2, and 3 standard
. . S S T, £
deviations from the mean. 34 g /)

35
454 (43 UF pagy ws 3T 363
b. What percent of batting averages are above 0.329? g‘?a/'z_,
\

¢. What percent of batting averages are between 0.193 and 0.295?
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Team Work: Complete Check Your.Understanding on p. 112. 18'..7_}( 12,562 A(é“'b )?"b->
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The Standard Normal Distribution

Definition: The standard Normal distribution |s the Normal distribution with mean 0 and standard

deviation 1. If a variable x has a | distribution N(z ¢} with mean p and standard deviation o,
— e 5

then the standardized varialfle z = % hak the standard Normal distribution. :

% 68-95-99.7 Rule: For the standard

/ # Normal distribution
(7 4 . 6%% BeTuesd T4
greciiolilc : SOTR R e e
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7 S B SR 0
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The standard Normal table is contained in Table A. It is a table of areas The
table entry for each value z is the area under the curve to left of £_This is also known as the lower tail

Plr< 0% =

Table A [Continued} St
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Example: Finding areas under the standard Normal curve. i)% "-C/ ( J Q/ ‘rg

Use Table A to find the proportion of observations from the standard Normal distribution given the
following z-values. Draw a diagram for each.

(04055 )
A—\a‘ | NOmALCDd F

b. Less than z = 0.81 ~-1.25 O

ol : ; > LD DR Ta.
.__%;_—- m 2| Dozmac D

c. Greater than z = 0.81

i i‘ﬁ( t—néfotm

d. Betweenz=-1.25and z=0.81

heat the previous example using technology.

a. Lessthanz =-1.25

IOQOISA&M Trgo S

Example: Re

a. Less than z = -1.25 @@. O.lo56 /stb D(ST
: (vaasD
b. Less than z = 0.81 O.TQIO 2 ' DO WAL (@A N= C
Low o
c.Greaterthanz=0.81 ) LO%OI}"—DO. LG 0O 0 PP(T'?_,———- {
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@
g A@ Example: Working backwards..... /\) B’B’D Lo Do IS /
W

Find the 90" percentile of standard Normal distribution

a. Using Table A

|

o L
b. Using technology "\\\]Q@(LM (Vﬂ TR RGN z

Team Work: Complete Check Your Understanding on p. 116. @ @
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Homework: pp. 128 problems 35, 37,41, 43, 45, 47, 49, 51
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Section 2.2 Normal Distributions (continued)
**%*¥Normal Distribution Calculations™***

We will use the previous procedures to answer questions about observations in any Normal distribution
by standardizing and then using the standard Normal table.

4-Step Process

0)  LsState: EXPASS Tus PoBLEM (O TramS OF TUE 0GSerVod
VATIABLY X | '

2. Plan: Daaw A PieTias 0F DT, + SuUaDS ALrA OF AT s1ess

3.00: Preifozwt CALLULATIo) S

o STALDALDIRZE X To ACSTATE faoRco (D Tonuys OF &
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COJE 1S 4 To GoD REuRD AeA of (DTHLSST,

4, Conclude: WA eTS (oRPCLOUSION (R CoTERT OF FrolReeM,

Example: In the 2008 Wimbledon tennis tournament, Rafael Nadal averaged 115 miles per hour on his
first serves. Assume that the distribution of his first serves is Normal with a mean of 115 mph and a
standard deviation of 6 mph. About what proportion of his first serves would you expect to exceed 120
mph?

1.State: (€T X = SPeed 0F F23T Swedd —tdy VAL IABLE 3 N(ns‘,é’)
WE wart Tug Prolortion 0F Sedss D 170

2. Plan:
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4.Conclude: ARDOT 2072, O0F PADAL'S £, 9T Seadss
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Example continued: What percent of Rafael Nadal’s first serves are between 100 and 110 mph?

1.state: (g7 XK= SPevd OF FagT eds. X 1% P (u5,6)

VUL (A 20 PaoPoTiol OF EnST SoNvss
WAVTH 100 £ <10

2. Plan:

A

loo (18 15

3. Do: o061

: (00 115
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3031,6?3

0.006 2%
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4. Conclude:

A RZ00T Ny 21 AAVAL'S FirST Send = Az
BeTHCED 100 APD 110 MPH .

Example: According to the Centers for Disease Control (CDC), the heights of three-year-old females are
approximately Normally distributed with a mean of 94.5 cm and a standard deviation of 4 cm. What is

the third quartile of this distribution?
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4. Conclude:
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****Normal Distribution Calculations with Technology**** ( ( e ) k
~ rkvaes

Example: Nadal N(115, 6). Find the proportion of first serves we expect to exceed 120 mph.

Noa,mma\bc(:w'(qq‘ RISTRGH) lﬂormm.daf(te VB e’)’
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0. 202528324 6 —-3{20? Do e
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Example: What percent of Rafael Nadal’s first serves are between 100 and 110 mph?

poamacedE (100, 100 113, A0

Example: 3-year-olds N(94.5, 4). What is the third quartile of this distribution?
2., 5yn0Amn (Pred M, o)
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of cholesterol?

Check Your Understanding. Use the 4-Step Process for each of these. Include a properly labeled

- —

diagram.

1. Cholesterol levels in 14-year-old boys is approximately Normally distributed with a mean of 170 mg/d|
'--__—_—.-———-—-—.,,,_-
of blood and standard deviation 30 mg/dl. What percent of 14-year-old boys have more than 240 mg/dl

e
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2. What percent of 14-year-old boys have blood cholesterol between 200 and 240 mg/dI? s
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3. What level of chdesterol would represent the 80" percentile?
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Assessing Normality

@-{o{)(?.oﬁ Asrzd
=

of- NOoZ«q 1208 Foc s i

The Normal distributions provide good models for some distributions of real data. In the latter part of
this course, we will use various statistical inference procedures to try to answer questions important to
us. These tests involve sampling individuals and analyzing data to gain insights about populations. Many
of these procedures are based on the assumption that the population is approximately Normally
distributed. Because of this we need to develop a strategy for assessing Normality.

Procedure.

Step 1: Plot the data — make a dotplot, stemplot, or histogram. See if the graph is approximately
symmetric and bell-shaped. Is the mean close to the median?

Step 2: Check whether the data follow the 68-95-99.7 rule. Find the mean and standard deviation. Then
count the number of observations within one, two, and three standard deviations from the
mean and compute these to percents.

—

Example. The measurements listed below describe the usable capacity (in cubic feet) of 36 5ide-by—side
refrigerators. Are the data close to Normal?

12.913.714.1 14.2 14.5 14.5 14.6 14.7 15.1 15.2 15.3 15.3 15.3 15.3 15.515.6 15.6 15.8
16.0 16.0 16.2 16.2 16.3 16.4 16.5 16.6 16.6 16.6 16.8 17.017.017.217.417.417.918.4

The mean and standard deviation of these data are 15.825 and 1.217 cubic feet. The histogram is
shown below.

58 X% 1s, = (11.60%, M.042)
5 G 24 /36 = ¢€.17,
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